Extrinsic orbital angular momentum of entangled photon-pairs in 
spontaneous parametric down-conversion 
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Starting from the standard Hamiltonian describing the optical non-linear process of spontaneous 
parametric down-conversion, we theoretically show that the generated entangled photon-pairs carry 
non-negligible orbital angular momentum in the degrees of freedom of relative movement in the 
type-II cases due to spatial symmetry breaking. We also show that the orbital angular momentum 
carried by photon-pairs in these degrees of freedom escapes detection in the traditional measurement 
scheme, which demands development of new techniques for further experimental investigations. 
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I. INTRODUCTION 

The nonlinear optical process of spontaneous para- 
metric down-conversion (SPDC) serves as an important 
toolkit to produce entangled photon-pairs. The entan- 
glement may involve energy, linear momentum, and an- 
gular momentum. Recently, it was demonstrated that 
photon-pairs generated in SPDC processes are entangled 
in another physical variable, orbital angular momentum 
(OAM), in which the states of high-dimensional entan- 
glement [l[ and hyper-entanglement @ can be prepared. 

Although OAM of light is not a true angular momen- 
tum 0, 01 1 ^ is & measurable physical quantity under 
paraxial approximation. Therefore, the total angular mo- 
mentum of light may be broken into three separate mea- 
surable parts: spin angular momentum, intrinsic OAM, 
and extrinsic OAM The spin of light is determined 
by the polarization of the light beam, the intrinsic OAM 
of light is associated with the transverse phase fronts of 
light beams Q , and extrinsic OAM of light is related to 
the relative movement of the center of the light beam 
with respect to some external point in space. As one 
shall see below, all previous investigations on OAM en- 
tanglement generated in SPDC processes are limited to 
intrinsic OAM of light. However, we show in this paper 
that the down-converted photon-pairs in type-II SPDC 
processes carry non-negligible extrinsic OAM. 

The extrinsic OAM carried by photon-pairs in SPDC 
processes is the key to understand the relation of spatial 
symmetry to the OAM conservation rule in SPDC pro- 
cesses Moreover, our study may lead to a new path 
to exploit the orbital angular momentum of light in prac- 
tical applications. In section II, we introduce the states 
of light carrying OAM and derive the mathematical de- 
scriptions for intrinsic and extrinsic OAM of light. Sec- 
tion III calculates the traditional entangled states of light 
in OAM created in SPDC processes, which are states 



entangled in intrinsic OAM. We further show that, as 
a result of azimuthal symmetry breaking, photon-pairs 
created in type-II SPDC processes carry non-negligible 
extrinsic OAM, which is beyond detection scope of tra- 
ditional scheme [j], Q . Finally, brief discussions are given 
in section IV followed by a summarizing conclusion. 



II. OAM OF LIGHT 

When the conservation of a vector is concerned, one 
usually breaks the vector into components along, for 
example, x, y, and z-axes. The conservation of the 
vector means all these components are conserved. If 
one of the components is not conserved, the vector is 
said to be non-conserved. The same argument applies 
to the cases of OAM (non-)conservation in the SPDC 
processes. To exam whether the OAM is conserved 
along the pump propagation direction (z-direction) in 
the SPDC processes, one needs to calculate the state of 
the down-converted light beams that carry OAMs, the 
z-components of which are, say, Lz and ■ 

An elegant approach exploiting orbital Poincare 
spheres to study this general case was provided in [§], 
where the z-component of the OAM carried by photons 
is, however, not guaranteed to be nh ( n is an integer). 
We quantize the studied field along z-axis such that the 
z-component of the OAM of light is nh ( n is any integer) . 
In quantum theory, the eigenstate of the OAM operator 
L z can be found by solving the eigenvalue equation: 

4hM*)> = c#i(t)), 

which leads to a solution for a one-photon field in free 
space as follows 



liM*)> 



k 



ff (k ) t)e iI ^a t (k)|0). 



(1) 
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Here a = lh is the z-component of the OAM carried by 
the photon (/ is any integer), and </>k the azimuthal angle 
of the wave vector k. The g(k, t) is a function indepen- 
dent of the azimuthal angle 0k and, therefore, can be 



2 



written in the form g(p p ,k z ,t), where p p = ^/k 2 — k 2 z 
is the amplitude of the transverse component p p of k. 
The a^(k) is the photon creation operator. We note that 
the freedom of the field polarization is neglected and em- 
phasizes that the lh in Eq. ([1]) has a physical meaning 
(OAM along the z-axis) essentially different from what is 
meant by the same notation in [13, HH, E3] , where the lh 
represents the OAM carried by photons along the axes 
dictated by the light-beam central vectors. 

The one-photon detection amplitude <fii(r) = 

(Q|£(+>(r)|Vi(t)) [£ (+) (r) = £k^«( k )e l(k - r ^ fc *\ fi(k) 
is the annihilation operator, Ck is a coefficient dependent 
of k = |k|] for the one-photon field in the eigenstate of 
the operator L z is 



k 



With beam invariants p p = k — k z z and u) introduced 
in a plane (z — zq) transverse to the z-axis, the 
one-photon detection amplitude is then 



i P [(c Lp ) = Y^ h(p p ,t)e«+>e i *'-*>, (2) 
where h(p p ,t) = £ w C k g(p p , k z ,t)e i ( k '*°-'* t \ in which 



k z = y (w/c) 2 - p 2 , q p = r - zz, and cj> p = k . 

We need to point out that the total OAM, the z- 
component of which is L z = lh (I is any non-zero in- 
teger), carried by a photon will be arbitrarily fractional 
if the photon propagates along an arbitrary direction. 
Extensive theoretical study on fractional OAMs can be 
found in 

Similarly, the eigenstate of the OAM operator L\ + 

" (i) 

L z can be found by solving the eigenvalue equation 

(LW + £W)hMt)> = *(<)), 

which leads to a solution for two one-photon fields in free 
space as follows, 

\i"2{t)) = ^2 g s {Ps,k z , s ,t)gi(pi,k Zt i,t) 



k 3 .ki 



x e i ( , '*^ +, «*«Hiat(k,)at(k i )|o). 



(3) 



Here a = (l s +li)Kis the z-component of the OAM carried 
by the photons are any integers) in both fields, and 
0k 3 i the azimuthal angles of the wave vectors k s .i. In 
planes (z s = z Si o,Zi = z^o) transverse to the z-axis, the 
two-photon detection amplitude should read 



^(qsiQi) = h> s (p s ,t)hi(pi,t)e 

i(p s -q s +P;-q;) 



i(ls<Ps+li4>i) 



X e 



(4) 



where 



= </>k si , and h Si i(p Si i,t) are functions inde- 
pendent of the azimuthal angles <j) s s- As we shall show 



below, the traditional scheme [l|, [TB| measures the OAM 
of the down-converted beams in SPDC processes in the 
degrees of freedom of center-of- momentum movement de- 
scribed by q+ = q s + qi and p+ = p s + Pi . Thereby, it is 
useful to re- write Eq. ((4]) in terms of joint variables q+, 
p+, q = q s - qi, and p = p s p 4 : 

^2(q+>q-)[= ^(qs.q*)] 

x 2"^+^ (p+e 1 ^ +p^-) h (p+e l *+ - p„e l *-) U 



x e 



«/ 2 (p+-q++p--q-) 

J2 £/4 m W^> 



t im{4>+-<f)-) 



p + ,p_ m 



c i/2(p+-q++p--q-) 



^2 2- {ls+u \-l) u ~ n * 



m,n s ,rii 



x Yl h^\ P+ ,p-,t)pi^p^ +u) - {n ^ ) 
p+,p- 

x e i(m+n s +ni)<f> + e i[(l s +li)-(■m+n s +ni)]<il- 



X e 



«/ 2 (p+-q++p--q- 



(5) 



where <p± are the azimuthal angles of vectors p± and 
exploited were p±e l ^ ± = p s e l ^ s ± pie % ^ i , which gives 

p Sti = sjp\ +p 2 _± 2p + p_e'(*+-*-), and 
h2(p+,P-,<t>+ -<!>-,*■) = h s {p s ,t)p- l ° h^p^^pT 1 ' . 

Eq. © is similar to Eq. (T5|) where e lls( ^ s and e ili ^ are 
associated with the z-components of the OAM of each 
photon in the two one-photon fields. Following the same 
rule, one can associate the term e lZ +^+ = e l ( m + n =+ n i)<t>+ 
in Eq. ([5]) with the z-component of the intrinsic part 
of OAM (l+h for two photons) carried by two photons 
in the degrees of freedom of center-of-momentum move- 
ment (described by p + and q+), and connect e ll -^>- = 
e il(ls+l i )-{m+n B +n i )]4>- tothe ex trinsic part of OAM (Z_/l) 
of the two photons in the degrees of freedom of relative 
movement (described by p_ and q_) of one photon with 
respect to the other. Obviously, 1+ + I- = l s + k always 
holds, which shows that the total OAM of the two pho- 
tons can always be decomposed into two separate parts, 
the intrinsic part and the extrinsic part, in two indepen- 
dent sets of degrees of freedom of joint movement, prov- 
ing the statements given in the introduction. In principle, 
neither the intrinsic OAM nor the extrinsic OAM is neg- 
ligible when one considers the total OAM of two beams. 
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III. EXTRINSIC OAM OF LIGHT IN TYPE-II 
SPDC PROCESSES 

For a type-I SPDC process, where the rotational sym- 
metry around pump direction holds the state vector 
of the down-converted light is calculated in [ij to the 
first-order approximation. Here we consider the general 
case, in which the rotational symmetry may be broken 
in the SPDC processes. If one assumes a classical pump 
beam and two linearly-polarized down-converted modes 
(signal and idler) that are initially empty, the Hamilto- 
nian governing a (type-I or type-II) SPDC process in the 
interaction picture is [H, HH, E3] 



xa t (k s )a t (k l )e l( ^+^ )t + H.C. , 



(6) 



where Vj is the nonlinear interaction volume, and E(r, t) 
represents the electrical field associated with the pump 
beam. Subscripts s and i denote signal and idler, respec- 
tively. d^(k s ) and S^(kj) are the creation operators for 
the down-converted modes and their wave vectors k s _i are 

evaluated inside the medium. The coefficient cj s,t Vi = 

Xjmn (e s ) m (ej)„, where x 
is the second-order nonlinearity tensor of the interaction 
medium and e represents the unit vector of linear polar- 
ization for the electrical field. 

We consider a Laguerre-Gaussian (LG) pump beam 
propagating along z with the principal component polar- 
ized along x in cylindrical coordinates 0, [l8| 



E(q p , <j>, z; t) ee V^ (Zp) {r)e i{ - kpz - upt ^x , 



(7) 



Under the assumption that the average radius of the 
beam is small compared to the transverse section of the 
nonlinear medium and that the medium length l c is much 
smaller than the Rayleigh range z R of the pump beam, 
we obtain 0, Hj 

V7 Zp) (Ak) = B^W(Ak z )^ lp '>(j) + )p l + e il<t '+ , (9) 

where = A^{z R -K/k l P +1 ){s/2z R /wo) l exp\-^ 
p)]2P- l+ \ W{Ak z ) = l c smc(Ak z l c /2), and 



^'W = 4^h(-^l' 111,1 



We note that the spatial symmetry of the Hamiltonian 
p]) is primarily dictated by the term W(Ak z ) through 
Eq. ©. 

Then, the two-photon wave function of the down- 
converted light reads to the first-order approxima- 
tion, 



p s .pi ,U>a jWi 



xa\p s ,uj 8 )a [ (pi,uji)\0) 



(11) 



where Aw = lu s + LUi — lu Pi T(Auj) = exp[zAo;(i — 
iint/2)] sin(Awiint/2)/(Aw/2) with ii„t being the interac- 
tion time. Using equation (|11|) . we find the two-photon 
detection amplitude of the down-converted beams: 



^ 2 (r s ,r t ) ee <0|£«(r s )4 (+) (r t )l^)> 

= E 



C k3 C ki C[ sA T{Au)ft lp \Ak) 



x e 



p s ,pi 

i(k s •r s -\-U.i-Vi—uj s t s —iJiti) 



^(W( r ) = 



V2q p 



^i + (i) 2 r^l Lp . 



w 2 {z) 



x e 



i ^2?fe-piitan- 1 (2//S)„-'i(2p+/+l) tan 1 (z/ Z„) 



Here z R is the Rayleigh length, w(z) — woy/l + z 2 / z 2 R , 
wo is the beam radius at the waist z = 0. Z is the winding 
number of the pump mode and p the number of radial 
nodes. Subscript P refers to pump beam and q(z) = 
z — iz R . Plugging Eq. into Eq. ^ gives 



c (^)^(/ P )( Ak ) e i(^+^-^)t 
xa t (p s ,w s )a t (p i ,w i ) + H.C, (8) 



E 

p s ,pi ,CJ S ,CJ 



where t/#*0(Ak) = / yj d 3 rV> ( ' p) (r) exp(— iAk • r), Ak = 
k s +ki — k P . Eq. © was relabeled — > ) with beam 

k p,u 

invariants (T3 . [T^ | that are constant along propagation of 
beams: the angular frequencies lo s j and the transverse 
components p Si i of wave vectors k s j. 



where C k 



2s V 



and V is the quantization volume. 



Using Eqs. (|9lfT0|) and converting the sum into integrals 
E = E - Sr/d 3 * - W^fd'pdus^i- m, we 



obtain the transverse profile of </?2(r s , r$) in the transverse 
planes z s = zq, s and 2j = zoi'. 



^2(q s ,qi) 



V 2 



(2tt)« 



d 2 p s d 2 pidu) s d,LOi 



uJ, 



C ka C kz C[ s ' l) T(Au;)B^W(Ak z )p l + e ll 'f>+ 



t 1 ( Z R 9 \ ( Z R 9 

x L H^J exp r^ 

d 2 Ps d 2 Pi e i ^^ +p ' <1 ' } 



x e 



^(Afc^e 4 ^ 2 -^ -"^' 3 " 1 "^'^ - 1- ^*^ . (12) 



U 2 
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For the sake of simplicity, we assume p s ~ pi [131 ] and 
zo,s = zo,i = z' , t s = ti = t, ui s = uji = ui (frequency- 
degenerate case), where uj St i are the central angular fre- 
quencies of the down-converted beams. Usually, T(Alu) 
can be approximated by a Delta function S(Auj) times 
tint and, under paraxial approximation, the phase factor 
(p a< i = fc ZjS zo,s — u s t s + k z .iZo.i — ujiti may be considered 
as a constant over the integral range of the angular fre- 
quency: 



c 

/ 2 

cz i Ps 

2 l d> 2 



t)(Suj s + Su>i) 



2 u) £ oj z 



where S(uj s + uji) — is applied. Then, with joint vari- 
ables p± and q± , Eq. (Tj"2"]) can be re- written as 



^2(q+,q-) 



VH 

4(>r) 6 



^ / d 2 p + e^^^F + (p + ) 



rf2 p _ e «(^-p-^p 2 J / duj s D{w s )W{M z ) , (13) 



where 



^+(P+) 



B^p l + L l p 



C ks C ki eJ s 0Ji r ( s ,i) 



c k z ^ s h Zj i 



UJi—UJ p — UJ s i 



(14) 



with the global phase term e JWp ^ - ^ being dropped off. 
The dependence of D(ui s ) on p± is considered weak and 
neglected in our analysis. 

In terms of the beam invariants, we evaluate thephasc 
mismatch Ak z to the first-order approximation: [1 31 ] 



Ak z w -vD 



p\+p 2 _ N 

ar y 

p 2 _ N 



(P+ - P-) -x 



-vD H p_ • x . 

AK 2 y 



(15) 



where the signal is assumed to be the e-beam. Here u, 
D, K, and N are parameters dependent of the nonlin- 
ear medium and defined in Ref. [l3[. In the last step, 
it is assumed that |p + | <C |P-|, which is usually valid 
in non-collinear configurations except in a very rare case 
where the detected down-converted photon-pairs nearly 
co-propagate with the pump. In this case, the depen- 
dence of W(Ak z ) on p + in Eq. (flBj) is negligible. At this 
point, one might argue that an important and largely 
employed experimental configuration is the non-collinear 
phase matching in which the x-components of p+ and p 
are comparable, that is, where the two down-converted 
light cones cross each other. Now we show that the p + -x 
term can be neglected even if p+-i is comparable to p_i. 

At the crossings of the two down-conversion cones, 
both p± ■ x may be comparable to each other because 
they are close to zero with respect to other cases where 



the two cones do not cross. So, both terms are small com- 
pared to the |p_| term and can be omitted in Eq. ijTSf . 
To quantitatively prove this, we take the experimental 
example of Ref. [2l| , where the effective #pm = 49.63°. 
One can easily obtain K = 14.38/im _1 , N — —0.068 
using the formula in [l3| ■ According to the numerical es- 
timation in [l3|], |p_| is order of 1/J,m _1 at the crossings. 
So, 

p 2 _ 0.035 , N 

~ —^—P-i and yP+ ' x ~ 0.034p+ • x . 

Then we can do the following comparison for the cone 
crossings: 



|P+ -x\< p+ « p- 



N, 



■ x\ « 



V- 
AK 



Because |p + • x\ rs |p_ • i| at the crossings, we also have 



N, 



x « 



AK 



Mathematically, it does not hurt to keep one negligi- 
ble term and drop the other negligible one in Eq. (fT5"j) . 
Choosing to keep the p_ -x term is to make Eq. (fl5|) gen- 
eral enough to cover all cases no matter whether p± • x 
are comparable to each other or not. 

Accordingly, the two-photon detection amplitude 
<^2 (q+ ) q- ) can be written as a product of two separate 
terms: 



V2(q+,q-) = R+(q.+) R-(q- 



(16) 



where 



i?+(q+) = / d 2 p + e^^-rt^F + (p + ), (17) 



R-(q-) = / d 2 p-e 



F-(P-) 



J(p- 



V_^)F_(p_), (18) 



4(2vr) 



du s D(w a )W[Ak z {w a , p_)](.19) 



Eq. (Tl6|) can be generalized to the type-I case and its 
Fourier transform reads [221: 



F 2 (P+,P-) = F+(p+) F_(p_). 



(20) 



if one denotes F^P-hP-) as the Fourier transform of 

<P2(q+,q-)- 

Eq. (fT6|) or Eq. (f20|) reveals the following physics. 
The movement of the down-converted photon-pairs in the 
transverse plane is de-coupled into two independent sets 
of degrees of freedom: one for the center- of -momentum 
movement described with the joint variables {q+,p+} 
and the other for the relative movement of each photon 
with respect to its twin delineated with {q_,p }. In 
the degrees of center-of-momentum-movement freedom, 
the photon-pairs carry intrinsic OAM (denoted as l + h 
per pair) always equal to that of the pump photon, i.e., 
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1+ = I, as stated by Eq. (jT4j) , giving rise to entangle- 
ment in intrinsic OAM in these degrees of freedom. In 
the degrees of relative-movement freedom, as attested by 
Eq. (p~5]) ~ (p^|) and shown below in details, the extrin- 
sic OAM (l_h per pair) carried by the photon-pairs de- 
pends on the azimuthal symmetry of ^-(p-) dictated by 
W[Ak z (u a ,p-)]. 



the down-converted photon-pairs are generated in type-I 
SPDC processes with 100% probability that they carry 
no extrinsic OAM, in principle, due to the azimuthal sym- 
metry of the non-linear processes. 



■* 0.5 



(a) 



1/\AA/ ^\/\/\/| 



™_ 0.15 



— 0.05 



(b) 
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FIG. 1: (color online) The spatial asymmetry in a type-II 
SPDC process, where l c = 0.5mm, and the non-negligible 
extrinsic OAM of the down-converted beams, (a) Typical 
azimuthal-angle dependence of W(Ak z )l^ 1 , which is a mea- 
sure for the degree of spatial symmetry breaking of the Hamil- 
tonian. (b) The (normalized) probability of generating down- 
converted photon-pairs as a function of extrinsic OAM l-h 
per pair in the degrees of relative-movement freedom. 

Mathematically, one can always expand Eq. (fT9|) in 
the form of Fourier series: 



f^)=j2 f -(p-) 



(m Vn \ e im <P- 



(21) 



where each non-zero F^ (p_ ) term gives rise to a prob- 
ability oc J dp- \F_ (p-)\ 2 that the down-converted 
photon-pairs carry extrinsic OAM of mh (I- — m) per 
pair in the degrees of relative-movement freedom, ac- 
cording to the preceding section [Eq. |J5J)]. In a type-II 
SPDC process, W[Ak z (uj s , p_)] (and then the Hamilto- 
nian Jf; nt ) lacks the azimuthal symmetry in usual experi- 
mental conditions l c > 0.5mm H [Fig. rjjja)]. As stated 
by Eq. (fl9|) , F- (p ) then must be a function of the az- 
imuthal angle </>_ , which requires that at least one higher- 
order term in Eq. (|2ip is non-zero. Each of these non- 
zero higher-order terms (Z_ = m ^= 0) contributes non- 
negligible extrinsic OAM of the down-converted photon- 
pairs in the degrees of relative-movement freedom [Fig. 
Hb)]. 

On the contrary, the phase mismatch in type-I SPDC 
processes is, to the first-order approximation, [l3| 



Ak z 



-vD 



P+ +P- 



-vD — 



AK 



AK ' 



where non-collinear configurations are assumed. Ob- 
viously, the phase mismatch in the type-I cases is az- 
imuthally invariant. Thereby, in the Fourier expansion 
of Eq. (|2ip , only the zero-order term survives with all 
the higher-order terms being left null. In other words, 



IV. DISCUSSIONS 



In the foregoing section, we theoretically address that 
the down-converted beams created in type-II SPDC pro- 
cesses carry non-negligible extrinsic OAM in the degrees 
of freedom of relative movement. Due to the misunder- 
standing of the term of thin-medium approximation, the 
existence of the extrinsic portion of the OAM in the type- 
II SPDC processes has been theoretically overlooked for 
years (MtH- 

In previous theoretical studies [l(| EJ, W{Ak z )l~ 1 , 
denoted as A(p_) in [icj |. was either approximated by 
one [llj or considered as a very broad function that cuts 
out modes with large transverse wave vectors [10]. The 
treatments for W(Ak z )l~ 1 in these theories are valid only 
in thin-medium approximation, which demands medium 
thickness to be order of 10/im, as shown in Fig. O In 
this case, W(Ak z )l~ l is approximately azimuthally sym- 
metric even for type-II SPDC processes. However, in 
practice, all experiments involving SPDC processes are 
far beyond valid thin-medium approximation and the 
W{Ak z )l~ 1 does not necessarily possess azimuthal sym- 
metry [Fig. HJa)]. 



(a) 
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(b) 
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p*(nnT 1 ) 2 - 2 pV^m- 1 ) 



FIG. 2: (color online) W(Ak x )l~ x for type-II SPDC processes, 
(a) l c = 0.1mm. (b) l c = 10/mi. 



Concerning experimental investigations, one might 
wonder why the extrinsic OAM of the down-converted 
beams in the type-II SPDC processes has never been ob- 
served. The very reason is that the existing OAM mea- 
surement techniques [l], [l5| are not suitable for measur- 
ing the extrinsic part of the OAM of the down-converted 
beams. To see this, let us first exam how the traditional 
scheme works for intrinsic OAM measurement. 



One can expand Eq. (|M|) . which describes the center- 
of-momentum movement of the down-converted photon- 
pairs, as (each photon-pair carries intrinsic OAM lh, i.e., 
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l + = l) 

F + (p+) ee if (p + )e^+ = 5>i ,,W) j>+"W* + )' 



+ -P+ 



i{l—rri)4> r ? 



where p f/ e 



i(j>'' 



i(f>$ 



poe 1 '*' and p" ,e 



i(f> , i ' 



Pie 



p oe 2<Po represent new vectors centered at ±p (or ±p e , 
(f)Q is the azimuthal angle of po) respectively in the trans- 
verse planes. So, in the degrees of center-of-momentum- 
movement freedom, if the signal beam is projected into 
a mode centered at po carrying OAM l s H [m — l s ) per 
photon, its twin beam will be simultaneously projected 
into another mode with a center of — po carrying OAM 
(I — l s )h per photon, which can be measured by a phase 
mask centered at — po combined with an SMF [l|, Q, as 
is illustrated in Fig. [3^. 



Po(° r Po e ' h ) 

y 




V 




(a) 



(b) 



FIG. 3: (color online) (a) Intrinsic OAM measurement in the 
traditional scheme where two sets of optical devices are 
located at conjugate positions (±Po) on the down-conversion 
rings (red circles) to detect the donut-shaped mode of each 
down-converted beam. (b) Illustrating how the extrinsic 
OAM carried by photon-pairs escapes detection in the tradi- 
tional OAM measurement scheme. In the degrees of relative- 
movement freedom, detection of one photon by one set of 
detection devices centered at po (donut-like marker) projects 
its twin into a mode (indicated by the dashed circle) centered 
also at po, which is out of detection scope for the other set of 
devices centered at — po (blue cross). 



Similarly, in the degrees of relative-movement freedom, 
one can expand Eq. (|21[) as (assuming each photon-pair 
carries extrinsic OAM l'h, i.e., /_ = I', in these degrees 
of freedom due to symmetry breaking) 

F_(p_) = F in {p^)e a '^- 



(l',n) 



( P 's< 



■fa* 



J4>o 



where p' s ^ s ' i = p s ,ie l<f ' S:i — poe i{po represent new vec- 
tors both centered at po in the transverse planes. In the 
degrees of relative-movement freedom, if the signal beam 
is projected into a mode centered at po carrying OAM 
l s h (m = l s ) per photon, its twin beam will be simulta- 
neously projected into another mode with a center of po 
also, carrying OAM (/' — l s )h per photon which never- 
theless cannot be measured by a phase mask centered at 
— Po combined with an SMF (Fig. [3b) that measures only 
the intrinsic part of OAM in the degrees of the center-of- 
momentum-movement freedom in the traditional scheme 

ra. 

In conclusion, we theoretically show the existence 
of non-negligible extrinsic OAM carried by the down- 
converted beams generated in the type-II SPDC pro- 
cesses in the degrees of freedom of relative movement 
due to the azimuthal symmetry-breaking. We explain 
how the extrinsic OAM escapes detection in the tradi- 
tional OAM measurement scheme. Therefore, new OAM 
measurement techniques need to be developed if the ex- 
trinsic OAM is to be experimentally studied in the SPDC 
processes. 
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